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We report Molecular Dynamics calculations of radial density profiles and self-diffusion coefficients of
Lennard-Jones fluids in a cylindrical pore of radius 2¢, for a wide range of temperatures and densities. At
n, o' = 0.825 the self-diffusion coefficient parallel to the pore walls D follows a monotonic (nearly linear)
mcrease with kT and is very similar to that of the bulk self- dlﬁ‘uswn coefficient D;. Atn,a® = 0.4 and
kT/e < 1.0 the curve of D“ vs. kT/e shows a distinct inflection in the region 0.7 < kT/e < 0 9 and values
of D, are much less than D, decreasmg to near solid state values at very low temperatures. At the highest
temperature studied, kT/e = 2.98, D; is almost inversely propomonal to density and in a fairly close
agreement with that of D; . At KT/e = 0.49, D] is much smaller than D;. The motion of adsorbate particles
normal to the walls is also discussed.

KEY WORDS: Diffusion, cylindrical pores, molecular dynamics

INTRODUCTION

Much interest has been shown in recent years in the structure and equilibrium
properties of fluids confined in the micropore size range. Although in the most
realistic situations the internal structure of the pore is complicated, model idealiza-
tions have been employed in theoretical studies. These are intended to throw light on
the understanding of the molecular phenomena underlying experimental observa-
tions. The most widely studied geometries so far are the slit [1,2,3,4] and cylindrical
[5,6,7,8,9,10,11] models. Both Monte Carlo (MC) and Molecular Dynamics (MD)
computer simulation techniques have been extensively applied to the study of fluids
in narrow pores of different geometries. More than 20 years ago Rahman applied the
Molecular Dynamics technique to simulate bulk liquid argon {12]. An important
observation from his results, which agreed reasonably well with experimental work,
was the appearance of a large negative minimum in the velocity auto-correlation
function (VACF). This observation was later confirmed by Alder and his group

* Author to whom correspondence should be addressed.
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[13,14,15] for hard sphere fluids and also by Levesque and Verlet {16] for Lennard-
Jones fluids. The former authors were able to explain the phenomenon in terms of
hydrodynamics [14]. The adsorption behaviour of hard sphere fluids near a hard wall
has also been investigated by several authors [17,18,19,20]. Self-diffusion coefficients
of hard sphere and Lennard-Jones fluids between two adsorbing parallel walls have
been studied by Subramanian and Davis [2], Antonchenko and others [1], and Magda,
Tirrell and Davis [3] who calculated the self-diffusion coefficient for different pore
sizes and found that it oscillated with pore width. A break in the slope of the mean
square displacement (MSD) was also observed in this work and was found to coincide
approximately with the time at the negative backscattering minimum in the VACF.
This was explained as in reference [14], in terms of sound-waves that reflect off the
pore walls and return to backscatter the particles at a later time thereby creating a
large negative minimum in the VACF and a break in the slope of the MSD. Hindered
diffusion of hard sphere fluids in cylindrical pores has been investigated by Suh and
McElroy [9], using the MD technique. Two particle/pore wall conditions were inves-
tigated: specular and diffuse reflection. The authors confirmed the soundwave hy-
pothesis of Magda, Tirrell and Davis [3]. The adsorption of Lennard-Jones molecules
in spherical model zeolite cavities has recently been studied by Woods e al. [21]. Good
agreement was observed between Grand Canonical Monte Carlo (GCMC) results and
those obtained from the direct calculation of the partition functions.

In the present paper we have investigated the adsorption and diffusion behaviour
of Lennard-Jones fluids in structureless cylindrical pores using molecular dynamics.
Results were obtained over a wide range of temperatures and densities and include
density profiles, temperature and density dependence of the velocity auto-correlation
function (VACF) and of the mean square displacement (MSD) and self-diffusion
coeflicients parallel and perpendicular to the pore walls. All the reported results were
found to be in qualitative agreement with previous related work [3,9,11].

2. METHOD

The system studied was used to approximate fluid krypton in a cylindrical pore
modelled as a structureless rigid wall. The Lennard-Jones (6, 12) potential

o = (- 5]

with a cut-off distance of r. = 3.50 and ¢ and ¢ given from Table 1, was used to model
the fluid-fluid interactions. The external field represents the fluid-solid interactions
which were approximated by an average over the uniformly distributed atoms in the
solid,

vil(r} = p, Lvij(ri’rj)drj @

where p; is the solid density and v,(r,,r;) is the Lennard-Jones potential given by

Table 1 Hard sphere and Lennard-Jones parameters for krypton-krypton interaction

g, collision diameter/nm 0.357
¢/k. Energy parameter/K 201.9
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Table 2 Molecular parameters for the interaction between krypton and the MS-13X cavity walls

6,» Gas-Solid collision diameter/nm 0.3165
p.e,./k, Energy parameter/Knm? 1315

equation (1). The parameters were those used by Soto and Myers [22] for the
interaction of krypton with zeolitic oxygen (Table 2). The external field was tabulated
at intervals of 0.0l¢ and a linear interpolation method was used to interpolate
between tabulated points. The numerical equations of motions were solved using
Verlet’s Leap Frog algorithm [23,24] with a time step of 2.5 x 107 ’ps. Periodic
boundary conditions were employed only in the z direction (taken along the pore
axis). The starting configuration was formed by placing annular monolayers of atoms
perpendicular to the axis of the cylinder of radius R, measured from the centre of the
pore to the centre of a wall atom. The distance between the layers was chosen to give
a prescribed overall density within the volume bounded by (R — ¢/2). The initial
velocities of the particles were randomly chosen from the Maxwell-Boltzmann distri-
bution. Most of the MD simulations were performed in cylindrical pores of radius 2¢
and one simulation was performed in a 5¢ pore. The number of time steps used in the
production runs of the simulations was between 30000-150000 depending on the
radius of the pore, the temperature and density of the system. A post-simulation
calculation [25] was used for the calculation of the VACF and the MSD. All simula-
tions were performed on the CRAY-1s at ULCC.

3. RESULTS AND DISCUSSION
3.1 Density profiles

Radial density profiles were produced by dividing the pore into annular bins, each
having a radial length of 0.01¢. The density was calculated in each bin by counting
the number of particles in the bin and dividing its volume,

- (ND
/ nl(r, + Arf2Y — (r; — Ar/2)’1L

where r; denotes the radial coordinate at the center of the ith bin and L the axial
length. The {...) in the numerator indicate a time average of N, the number of
particles in the ith bin. Figures 1 and 2 show the local density profiles in a temperature
range kT/e, 0.25 — 2.98 for the average pore density n,0° = 0.825 and 0.62 — 3.48
for n,,a3 = 0.4. One can see from both figures that when the temperature decreases
the fluid becomes more structured, in agreement with the results of Panagiotopoulos
[10]. The peak near to the pore walls is approximately Gaussian at k7/e = 0.25 and
slightly skewed at 2.98. It is also shifted towards the pore walls with increasing
temperature. This can be attributed to the fact that at high temperatures the particles
have enough energy to overcome the highly repulsive field near the pore walls and to
move closer to them. In Figures 3 and 4 we present the local density profiles in an
average pore density range n,6° = 0.825-0.2 at kT/e = 0.49 and 2.98 respectively. At
the lower temperature of kT/e = 0.49, highly localized behaviour is observed. The
peak at the centre of the pore is higher than the peak at the wall at all densities. At
kTle = 2.98, and n,6’ < 0.3, only the adsorption peak due to the pore walls is

(3)

P,
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present. As the density increases, however, a peak at the center of the pore gradually
emerges, and at npa3 = 0.6, it is higher than the peak at the wall. These observations
are in agreement with the results of Woods et al. [21]. Figures 5 and 6 show the
trajectories of the particles in the simulation box of radius 2¢ and length 240, as a
projection in the z,z plane, at density n,6° = 0.825 and temperature kT/e = 2.98 and
0.49 respectively. At kT/e = 0.49 the fluid appears to be solid-like with the particles
oscillating around their initial positions.

3.2 Self-Diffusion Coefficients

The macroscopic quantity which characterizes all diffusion processes in a one-
component fluid is the self-diffusion coefficient D. The components of D parallel D}
and perpendicular D’ to the pore walls were calculated both from the numerical
integration of the velocity auto-correlation function (VACF), and from the slope of
the mean square displacement of the particles (MSD). In the former (VACF),

b= E[I/N;I(Vi:(t)vs;(o)):l )

D, = 12 [I/N T VDV + (V0,0 >)] )

where v,,, denotes the v'th component of the velocity of particle 7 at time ¢, and N 1s
the number of particles in the simulation box, <...) indicate that the quantity
(v(1), v(0),,) was calculated for all particles in the simulation box. From the mean-
square displacement (MSD)

D =1lim 1IN ¥ (1120 ((Z(D) ~ Z(0)})) Q)

N
D, = liml 11/N [Z} (1/41) (Xi(n) — X(0)*> + (Y(1) — K(O))2>)] (7
where X (1), Y:(t), Z,(¢) are the components of the position vectors of particle 7 in the
x,y and z directions, at time 7, and X;(0), Y;(0) and Z,(0) are the position vectors of
the same particle 7 in the three directions at time origin 0.

D', reflects the constraint on molecules moving normal to the pore walls. Since this
motion is bounded, D} would be zero in the limit 1 — co. At finite times the MSD
and VACF are nevertheless useful as an indicator of the extent to which the molecules
are localized. At low temperatures (kT < ¢;,) adsorbate atoms near to the wall will
vibrate normal to the surface with a frequency ~ 10s~', and D, will then - 0
in & 10° time steps. The constraints imposed by other molecules however will also
play a part; high densities would be expected to favour localization. Likewise pore size
will modify the MSD at short and intermediate times.

3.2.1 Pore radius dependence of D

The self-diffusion coefficients parallel D* and perpendicular D' to the pore walls
reduced by a(¢/m)'? have been calculated for both the pore radii studied (2¢ and 50),
at kT/e = 1.49 and n,6° = 0.4. In Table 3 we present the values of D} and D, from
VACF and MSD data for these two pore radii. Here the finite time diffusion coeffi-
cients D" and D’ have been measured by taking slopes from the MSD curves in the
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Figure 5 Trajectories of particles for a fluid in a cylindrical simulation box of radius R = 20 and a length
L = 240, as a projection onto a radial (z,r) plane. The temperature kT/c¢ = 2.98 and the density
n,6’ = 0.825. The trajectories of the particles were recorded at each time step over approximately 100 time
steps of the simulation.
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Table 3 Self-diffusion coefficient parallel D) and perpendicular D to the pore walls in units of o(g/m)',
calculated from VACF and MSD data, in cylindrical pores of radius 2¢ and 5¢. The last column presents
the bulk self diffusion coefficient calculated from equation (8). The temperature is kT/e = 1.49 and the
density n, o’ =04

Rjs Range/(ps)’ Dy Dy Range/(ps)? D¢ D D;
2.0 2.50-4.49 0.441 0.425 3-4.49 0.130 0.177 0.429
5.0 2.00-4.49 0.410 0.423 1-4.49 0.308 0.314 0.429

"Time interval in ps from which the MSD paralle! to the pore walls is estimated
Ime MSD data

From VACF data

YTime interval in ps from which the MSD perpendicular to the pore walls is estimated

range stated in the table, as well as from the numerical integration of the VACFS. For
these timescales, the numbers given may be regarded as an index of the relative
mobility in the two pores under comparable conditions of temperature and density
which would account for the larger value of D', in the 5¢ pore where a greater density
gradient exists between the pore wall and the axis. The value of the reduced bulk
diffusion coefficient in a Lennard-Jones fluid was calculated from [26]

D, = a+ bT" + pV(c + dT™) + p(e + fT™) + p™(g + hT™) (8)

D; was found to be the same for both pores within the uncertainty of the calculations
and very close to the bulk value D, (Table 3).

3.2.2 Temperature dependence

The temperature dependence of D; was studied in a cylindrical pore of radius 2o for
two densities, 7, o’ = 0.825 and 0.4. In Tables 4 and 5 we present the values of D;
calculated from VACF and MSD data for these densities and for a series of tem-
peratures. The agreement between the values of D] from VACF and MSD data at
both densities is satisfactory. Flgures 7 and 8 show the temperature dependence of D;
calculated from MSD data and D; from equation (8) for n,0° = 0.825 and 0.4
respectively. At n,a” = 0.825, D, follows a monotonic (nearly lmear) increase with 7
very close to that of D;. The agreement is fairly close over the whole of the tem-
perature range, although the ratio D, /D] approaches unity more closely as kT
increases. The consistently higher values of D; indicate that there is a greater fluidity

Table 4 D calculated from MSD and VACF data at different temperatures in a cylindricai pore of radius
2g. The density is n, o® = 0.825. The last column presents the bulk self-diffusion coefficient D, , calculated
from equation (8).

kTle Range/(ps)’ Dy} Dy D,
0.25 0.0000 0.0008

0.49 2.50-4.49 0.025 0.028 0.015
0.99 1.50-4.49 0.071 0.072 0.060
1.49 3.00-4.49 0.109 0.116 0.099
1.98 3.00-4.49 0.147 0.156 0.134
2.48 3.00-4.49 0.177 0.177 0.169
298 3.00-4.49 0.218 0.218 0.202

Tlme interval in ps from which the MSD parallel to the pore walls is estimated
'From MSD data
SFrom VACF data
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Table § D calculated from MSD and VACF data at different temperatures. The density is #,6° = 0.40.
The last column presents the bulk self-diffusion coefficient D; calculated from equation (8).

kT/e Range/(ps)" oy Dy D}
0.25 0.000 0.001

0.49 2.00-4.49 0.044 0.044 0.108
0.62 3.00-4.49 0.094 0.094 0.166
0.74 3.00-4.49 0.213 0.212 0.212
0.87 3.00-4.49 0.296 0.298 0.257
0.99 3.00-4.49 0.328 0.327 0.295
1.49 3.00-4.49 0.452 0.425 0.429
1.98 3.00-4.49 0.572 0.573 0.536
2.48 2.00-4.49 0.684 0.695 0.631
2.98 2.50-4.49 0.748 0.746 0.716
3.48 2.30-4.49 0.804 0.823 0.793

T:me interval in ps from which the MSD parallel to the pore walls is estimated
From MSD data
SFrom VACF data

025+

0.200 L

0.175+ L

0,150 I

0125 r

D*

01007 L
00757 L

0.0504 r

0,025 / -

0.000

00 05 10 15 20 15 30
kT /e

Figure 7 Self-diffusion coefficient parallel Dy (O) to the pore of radius 26 as a function of temperature.
Values were calculated from MSD data. Also shown is the bulk self-diffusion coefficient D; (+) calculated
from equation (8). The density is n,¢° = 0.825.

in the pore than in the bulk. At n,6’ = 0.4, the curve of D; vs. kT/c shows a distinct
inflection in the region 0.7 < kT, /a < 09 and values are much less than D;, decreas-
ing to solid state or near solid state values (D; = 0) at very low temperatures. This
suggests that a transition occurs in this region which is centered at kT/e ~ 0.75. These
observations are consistent with the density profiles in Figures 1 (n,6° = 0.825) and

2(n,0’ = 0.4). At n,0° = 0.4 and kT/e < 0.74, the adsorbate is strongly localized
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Figure 8 As Figure 7 at density n,6° = 0.4.

into layers and the local density is zero in the region between the maxima. At
kT/e = 0.74 the minimum in the density profile rises above zero showing that there
is now a finite probability of finding molecules in this intermediate region. At the
higher density on the other hand (see Figure 1) the local density is zero at its minimum
for all temperatures. Figures 9, 10a and 10b show the MSD and VACF for motion
normal to the pore walls and at different temperatures. The slope of these MSD curves
does not remain constant but gradually decreases, tending to zero at long times
(Figure 9). This effect is seen more clearly as temperature increases, in keeping with
the expectation that the velocity of the particles is proportional to T'% At low
temperatures when the adsorbate molecules are likely to be localized vibrators, the
wall effect is seen in the minimum in the VACF curves; as temperature increases this
minimum disappears and the VACF curves change character, developing an increa-
singly pronounced long time tail. This suggests that at these higher temperatures a
vortex flow pattern develops [14], originating from interaction between particles
moving in a direction opposite to the initial direction of the diffusing particle, due to
its reflection off the pore walls. The transition at £7/¢ = 0.75 mentioned above is also
apparent in the change in character of these VACF curves.

3.2.3 Density dependence of D

Tables 6 and 7 present the values of D; and Dj at kTfe = 2.98 and kT/e = 0.49
respectively. In Figures 11 and 12, D] and, D, are plotted against density at k7]
¢ = 2.98 and 0.49 respectively. At kT/e = 2.98, D; is proportional to (density)™*%
compared with the (density)~%" calculated from equation (8) and the (density)~>
proportionality observed for bulk fluid by Verlet [16]. D; is also very close to the bulk
value D, at moderate to high densities and only at n,6° < 0.3 is deviation observed.
It is surprising that D] is lower than the bulk diffusion coefficient at these low
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Figure 9 Mean square displacement perpendicular to the pore walls in a cylindrical pore of radius 2o, at
n,6® = 0.4 for a series of temperatures.

densities, since it would be expected that the increase in D; due to the availability of
larger diffusion paths in the less dense region of the non-uniform fiuid (compare
Figures 3 and 4) would more than compensate for the decrease in the dense region
near the wall. However it is the low density regions which are the more sensitive to
long time tail effects in the VACF (and corresponding effects in the MSD). The
observed results at low densities are therefore probably best regarded with caution
because of the inaccuracies introduced in the numerical integration of the VACF.
Figure 13 demonstrates that the contributions to the VACF appearing at a later time
than that examined (4ps) are much more significant here. It seems probable that an

Table 6 D; calculated from MSD and VACF data for different densities in a cylindrical pore of radius 20.
The temperature is kT/e = 2.98. The bulk self-diffusion coefficient D, calculated from equation (8) is also
presented.

no’ Range/(ps)’ Dy D D;
0.096 3.00-4.49 2.647 2.655 4.225
0.200 3.00-4.49 1.558 1.554 1.680
0.300 2.00-4.49 1.005 1.018 1.03
0.400 2.00-4.49 0.747 0.746 0.715
0.500 1.50-4.49 0.550 0.545 0.511
0.600 1.00-4.49 0.429 0.416 0.395
0.700 1.00-4.49 0.316 0.311 0.297
0.825 3.00-4.49 0.218 0.218 0.202

Tlme interval in ps from which the MSD parallel to the pore walls is estimated
*From MSD data
$From VACF data
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Table 7 D; calculated from MSD and VACF data for different densities in a cylindrical pore of radius 2a.
The bulk self-diffusion coefficient D; calculated from equation (8) is also presented. The temperature is
kTl = 0.49

n,o’ Range/(ps)’ Dy Dy D,

0.200 3.50-4.49 0.070 0.069 0.199
0.300 3.00-4.49 0.052 0.052 0.151
0.400 2.00-4.49 0.044 0.044 0.108
0.500 3.00-4.49 0.039 0.039 0.073
0.600 3.50-4.49 0.032 0.0321 0.052
0.700 3.30-4.49 0.028 0.029 0.033
0.825 3.00-4.49 0.024 0.028 0.015

T:me interval in ps from which the MSD parallel to the pore walls is estimated
*From MSD data
SFrom VACF data

[

T

00 01 07 03 04 05 06 07 08 09

>

¢

Figure 11 MSD self-diffusion coefficient parallel D, (O) to the pore of radius 20 as a function of density.
Also shown is the bulk self-diffusion coefficient D; (+) calculated from equation (8), at kT/e = 2.98.

investigation occupying orders of magnitude longer may be necessary to study two
phase non-uniform systems. At kT'/e = 0.49 the plcture is totally different. D“ being
smaller than Dj, at all densities except the highest. D} here was found to be proportion-
al to (density)™"*® compared with (density)~*% calculated from equation (8).

3.3 Conclusions

We have presented singlet density profiles for a wide range of temperatures and
densities, as well as the temperature and density dependence of the self-diffusion
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Figure 13 Velocity auto-correlation function paraliel to the pore walls in a cylindrical pore of radius 2g,
at temperature kT/e = 2.98, for a series of densities.
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coefficients parallel D, to the pore walls, in a cylindrical pore of radius 20. At
n,o® = 0.4 the curve of D. with kT/e shows a distinct inflection in the region
0.7 < kTJe < 0.9 decreasing to near solid state values at very low temperatures. This
behaviour correlates with that observed in the VACF’s for motion normal to the wall.
The density dependence of D is rather weaker than inversely proportional at the
highest temperature studied (kT/e = 2.98). At the lowest temperature, kT/e = 0.49,
D. is similar in magnitude to, but less than, the bulk value, D,.

1In the near future we hope to present density profiles in *“‘sphero-cylindrical” pores
where spheres are interconnected through cylindrical sections, for a wide range of
temperatures and densities. We also intend to investigate the temperature and density
dependence of the self-diffusion coefficients parallel and perpendicular to the pore
walls inside the pore and compare them with those in cylindrical pores.
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